Propositions 2 and 3 give sufficient conditions, in terms of the cut loci of boundary points, for a locally supported open subset of Mto be weakly convex. Using a theorem of Karcher about hypersurfaces which do not intersect their own cut loci, we then obtain a condition for convexity (Proposition 4) , as well as the following (Theorem 3): If H is an imbedded, compact, connected topological hypersurface of M which does not intersect its own cut locus (it follows then that M\H has two components, each with boundary H), and if H has a one-sided field of local support elements, then H is homeomorphic to S™' 1 and the supported component of M\H is convex.
It is hoped that these observations may prove useful in investigating global convexity in certain classes of Riemannian manifolds M for which information on the behavior of cut loci is available.
The paper [6] by Karcher is our reference for facts concerning convexity and weak convexity of subsets of M, and cut loci of subsets of M. We also use the notion of local convexity defined and investigated by Cheeger and Gromoll [2] Throughout, M will denote a complete Riemannian manifold of dimension n. A subset B of M is strongly convex if M contains exactly one minimal geodesic between any two points of B and that geodesic lies in B; convex if B contains exactly one minimal geodesic between any two points of B; and weakly convex if B contains at least one minimal geodesic between any two points of B. A weakly convex open set contains every minimal geodesic in M with endpoints in B; thus for open sets, convexity and strong convexity are equivalent. Any peM has a strongly convex neighborhood, namely the open metric ball B(p y ε) for e sufficiently small [5] . Finally, a subset B of M is locally convex if each point of the closure B has a strongly convex neighborhood U such that B Π U is strongly 283 convex. Clearly, a weakly convex set is locally convex.
If 
For any subset S of M, the cut locus C(S) of S in M is defined by C(S): -[Jpes C(p) where C(p)
is the cut locus of p. The following theorem was proved by Karcher in [6] . (It is stated there for
H -S""
1 , but the proof holds in the present case also, with the only necessary change being the substitution of Theorem 1 for the original Jordan-Brouwer theorem.) THEOREM 2 (Karcher) . Let H be an imbedded, compact, connected topological (n -l) (2)
The component A x is uniquely determined by (1) and (2), and is referred to as the "inside" component of M\H.
3. Local and global convexity* Concerning the question raised in the introduction, the following information may be found in the paper by Karcher:
connected open subset B of M is convex if and only if B possesses a local support element at every boundary point and does not intersect its own cut locus.
If B is a locally convex open set, then as Cheeger and Gromoll have shown [2] , B is an imbedded topological manifold-with-boundary; furthermore, B possesses a local support element at every boundary point. It is worth noting that an open set may possess a local support element at every boundary point and yet not be locally convex: EXAMPLE 1. Let g be the standard Riemannian metric on R 2 , B be the open subset of R 2 indicated in Figure 1 , and H be the indicated arc in dB. We shall alter the metric g so that the inside loop beginning and ending at p is a geodesic in the new metric. Let U be a connected open set satisfying H -U Γ\dB and carrying Fermi coordinates about H. Then there exists a Riemannian metric h on R 2 such that (1) g and h agree on JK 2 \ϊ7, and (2) H is the image of an /^-geodesic. Indeed, h may be constructed from g and the flat metric h on U determined by the Fermi coordinates; one uses a smooth Urysohn function vanishing on R 2 \U and taking value 1 on FIGURE 1 a neighborhood of every point of H which does not have a neighborhood on which h agrees with g. The metric h is complete since it agrees with g except on a compact set. By (1) and (2) Proof. Fix p e dB, and choose ε sufficiently small that B(p, ε') is convex for e' ^ ε. It follows from Proposition 1 that every connected component of B Π B(p, ε) is convex. Choose ε'(0 < ε' ^ ε) so that dB Π B(p, ε') lies in the component through p of dB Π B(p, ε); this is possible because dB is an imbedded manifold. Certainly there is a component
obviously, it is also closed. Thus, by choice of ε', pedC. Now suppose C x is another component of in B(p, ε) whose boundary intersects B(p, ε'). Then C Π Q = φ, and C and C 1 are imbedded manifolds-with-boundary having common boundary in a neighborhood of p, in contradiction to the local support hypothesis. Therefore B Π B(p, ε') = C Π B(p, ε'). Since both C and B(p, ε') are strongly convex, so is B Π B(p f ε'), as required. PROPOSITION The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
A connected open subset B of M is weakly convex if and only if B possesses a local support element at every boundary point and B\C(p) is
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